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Nomenclature
= specific energy, C, T
= flow parameters (p, U, V, T)
= pressure
= heat flux
= Reynolds number
= temperature
= time
= velocity
= coordinates
= viscosity
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Subscripts and Superscripts

comp = computation

exp = experiment
w = wall conditions

= freestream parameters
00 p

Introduction

HEN it is necessary to determine flow parameters govern-

ing heat transfer, the need to solve inverse convection prob-
lems arises. For example, determining the boundary heat flux us-
ing temperature measurements at another boundary is discussed by
Moutsoglou' for a two-dimensional region with steady-state flow
described by the Navier—Stokes equations. Estimation of freestream
parametersis of practicalimportance in many problems. Direct mea-
surement of these parameters is accompanied by certain technical
difficulties caused, for example, by flowfield distortion or the heat
flux acting on the sensor. Wall temperature measurements are the
simplest from this viewpoint.

The estimation of free flow parameters using heat flux measure-
ments at different points at body surface is considered. Let us con-
sider the supersonic gas flow described by equations of viscous
compressible gas (Navier—Stokes). The set of freestream parame-
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ters governs heat flux distribution along the surface (along the X
coordinate):

(Pog Uy Tod —[ Qn(X0), 00 (), 0u(X)] (1)

We seek to determine p and T usmg heat flux measure-
ments Q,,(X;) as the mpo?data We shall minimize the discrepancy
between computed and experimental values of 0,,( X)), i.e.,

APy Uno Tod = Z[Q?}P(Xj)_ O™ (X; )] )

The mathematical model consists of a flowfield solver and an
optimization algorithm minimizing the discrepancy of computed
and experimental data by varying the boundary conditions.

The Jacoby matrix 4; = 0Q(X;)/0f; for the transformation
(p, T,U) _, O(X1, Xz, X3) is studied for the singularity search:

[00(x) 00(X) 20(X) ]
op oU oT
Au_aQ(X,»)_ 00(X;) 00(X;) 00(X) 3)
YToof, T op ou oT
00(X;) 00(X;) 00(Xs)
op oU oT

The determinant is identically equal to zero in the following events
(global singularity). 1) The flowfield is determined not by the total
parameter space (p_, U, T ) but by some subspace of the lower
dimension, for example, (Re ., M 03 2) The heat flux Q,, (¢, X) is
determined not by total space of flow parameters but by some sub-
spaceof lowerdimension. 3) The spatialheat flux variation Q,, ( X) is
multiplicativealongthe X coordinate: Q,,(X)= 0,,(Xy) F(X/ X,),
i.e., the heat flux is self-similaralong X.

The computation of the matrix 4 determinant allows one to
consider the singularity only locally in regard to the flow pa-
rameters because of the problem nonlinearity. A global singular-
ity can be detected by means of the Lie group. In particular, the
transformation Q(X) = Q( X, Pog Uoo Toc)(p( X/ X,) corresponds
to the Navier-Stokes equations invariance relative the operator
B=1(p_,U_, T )0/ 0X. This operator is absent in the set of the
Lie group basis of the Navier-Stokes equations that provides the
absence of this type of singularity Nevertheless, the transformation
o(X) = 0(Xo, p T )@ X/ Xo) can take the place for an
infinitely thin boun%%ry?oye us, although the matrix (3) is non-
singular, it can be very close to a singular one that causes instability.

A global singularity exists for special events and can be easily
detected by computations. The most practical interesting problem
arises when a global singularity is absent. In that event, the non-
linearity of the problem becomes crucial. Q,, (¢, X) nonlinearly de-
pendson(p_, U ., T )andnonlinearly variesalong X. Then, there
is a six parameter local transformation: ( X> s, /) X AN AN )
this transformation is smooth and if 3 and”Q? aré smooth mani-
folds, then, according to the Sard theorem,? such a transformation
should be nonsingular (in the common case). If det[0 Q( X;)/ 0f;]
is not identical to zero, the set of points X R® for which
det[0 Q(X;)/0f;] = 0 is either empty or a smooth two-dimensional
surfaceembeddedinto R® space. It can be easily seenthat /> and Q3
are smooth manifolds, and the transformation is smooth for flows
considered here (having no shocks on the surface). Thus, the prob-
lem [Eq. (1)] will be nonsingular with the probability close to 1.

These speculations lead to the conclusion that, if the numerical
experiments have demonstrated nonsingularity in some point, the
problem is nonsingular in a significant part of the phase space.

A number of difficulties arise at the investigationof the Navier—
Stokes problem, in general, which are connected with the need for
repeated solution of the direct problem and large computation time.
In this connection, the two-dimensional spatially evolutional flows
that can be solved with quick marching methodsare of special inter-
est. The supersonic flow over a flat plate with a compression corner
was considered. The flowfield was computed using the parabolized
Navier-Stokes (PNS) method. The finite difference method with
second-orderaccuracy in the Y direction (symmetrical differences
with fourth-ordersmoothing)and first order in X was used. At every
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Table1 Comparison of different condition criteria

Problem dety(A) det3(A) Cond, (A) Conds(A) dety (M) det3(M) Conds (M)
a 11.0 0.448 2.5 111 167 0.2 3859
b 2.0 0.35 10 143 3054 3637 1800
new step along the marching coordinate, flow parameters are deter- Table2 Results of flow parameters estimation
mined via time relaxation: M Reo T K Value
dp  A(pU)  dA(pV)
5t oy Ty T 0 “4) 14.1 10° 72 Experimental
14.5 8.7 X 10* —_— Computed (two parameters, plate)
ou ou aU 10P 10 aU 14.4 6.6 ¢ 10* 50 Computed (three parameters, plate)
ot + Uﬁ/ +V=5 F)a an paY o7 ®) 13.3 1.2y 10* 65 Cor?puted, three parame)ters
compression corner
8V+U5V+V8V+15P_4 0 oU ©)
o TVax T ar T ooy T partar i
. [ .
% yude  yle  BfOU, OV el e el
ot 0X oY plox oy o1 s 2 st =]
0.01 +—— - o > 10
) & 3 Cp el g
1 0 laT 4 ou 7 i T Y/ Wy L e %
oY oY oY = = ; ?; — T e Axg M qex ) 7/
where P = pRT ande = C,T. ‘ | P
The mass, momentum, and energy conservation laws are de- B ; /
scribed by Eqgs. (4-7). The external flow is assumed to be spatially 0.005
uniform. The undisturbed flow is set on the entry boundary and the Y
external one: T (1), Po{1), U(y,0) = U(1), and V(y,0) = 0. | b 4 |
On the plate surface, we have the adhesion V = U = 0 and wall » o T
temperature T, (X). The heatingrate is determined from the temper- 1] -
ature gradientat the wall. The program was verified at the boundary P :
layer and the oblique shock separate computation with acceptable 00 i l‘ ‘ | \ L
results. The computation field contains up to 100 nodes in the cross 0.0 0.5 1.0 15 X/L

direction and from 250 to 900 steps in the evolution direction. The
time of one direct computation was about 2—5 min of PC/486.

The sensitivity matrix 4;; [Eq. (3)] and some its functions were
calculated for estimation of problem rank: 1) det( A), determinant;
2) cond( 4), conditionality[cond(4) = A A= ];and 3) det(M), de-
terminant and spectrum of eigenvalues 4; of Fisher’s informational
matrix (Mjm = A,’j A,'m)A

The number of v = (|4 )" exceeding input data dispersion
determines the number of parameters that can be retrieved, i.e., the
localrank of the problem. This rank was determinedduringtestingof
the PNS solver. Approachingthe boundary layer the self-similar so-
lution v remain constant(orderof 10%), but v and V4 decreaseto val-
ues of about 10—, The problembecame less conditionedas the mea-
surement points converge and the Mach number increases. These
calculationsconfirm the Validityof problemrank estimationby PNS.
Itisobviousthatas M __, the influenceof 7_onheat
transfer decreases and the prob?om becomes more ill concf)?loned

The values of conditionality are presented in Table 1 for two
problems that follow: problem a, flat plate measurements in a lam-
inar regime applied to Ref. 3 data (M = 14.1, Reoo: 10°, and
T = 72 K); and problem b, flat plate and compression corner
(15 deg) measurements in a laminar regime (without separation ac-
count) applied to Ref. 3 data. Subscripts 2 and 3 correspond to the
number of parameters(M Re Oﬁ’or (M_, Re T . Eigenvalues
of informational matrix are for the pldtg?prog?em a), 4 = 38.0,
A = 0.37,and A3 = 0.01; and for the compressioncorner (problem
b), &; = 326.0, 4, = 1845, and 43 = 0.26.

Numerical Experiments

Innumericalexperimentsthe flow parameters(p ., U , T ) were
determined using the heat flux Q(X) variation along the wall that
was obtained in computations.The optimizationproblemwas solved
by a type of the method of Nelder-Mead.* The numerical experi-
ments confirmed the feasibility of freestream parameters estimation
using heat flux measurements.

The problem [Eq. (1)] has rank 1 for an isothermal wall in the
boundary-layerapproach. Within the PNS framework, the problem
hasrank 3 butitis poorly conditioned.The flow self-similarityalong
the evolutional coordinate is absent in the PNS approach due to the
finite boundary-layerthickness. We hope that the nonlinearity of the

Fig. 1 Comparison of computed data vs experiments3 for compres-
sion corner (15 deg): 1, experlmental PIP 5 2, experimental St; 3,
experimental Cp=Plp U? 4 computed PIP 5 5, computed St
and 6, computed Cp = Plp

flow parameters transformationto the heat flux and not self-similar
heat flux transformation along the evolutional coordinate (exclud-
ing multiplicative transformation)should provide nonsingularity of
the problem. The flow parameters determination for this problem
investigation at rank values 2-3 was performed for experimental
data of Ref. 3. This flow is not self-similar but the influence of 7’
is weak due to high M numbers. The set of two to three parameters
(M, Re,T) or (p, U, T) was determined using Q,,(X) values at
three points on the flat plate. The flow parameters estimationresults
are provided in Table 2 with heat flux fitting accuracy about 8%.

The accuracy of the results decreases at the estimation of three
parameters. The results have a stochastic character (depending on
the initial guess, we get different values).

The analysis of problems conditionality (Table 1) demonstrates
that problem b is most conditioned. The quality of the matching to
the experimentaldataof Ref. 3 is shown in Fig. 1. The corresponding
flow parameters are presented in Table 2.

Discussion

Most present work on inverse convection problems concerns
boundary geometry determination using a preassigned flowfield or
minimization of some functional (drag or heat flux, for example).
Other classes of inverse convection problems are poorly studied
at present despite a practical need for them and the progress being
made in computers. This is for anumber of reasons. The practicalin-
teresting convection problems usually are two to three dimensional
in space and are time dependent, which demands multidimensional
input data with a large number of parameters. Usually, we do not
have information about all of the flow parameters but only about
some nonlinear functions of these parameters.

The nonlinear function of the ﬂow parameters 0., (X) retains
information on the parameters p and T in a transformed
form. The rank value is of spec1aP%terest for transformation:

(poo UOO T03 —)[Qw(Xl)y Qw(XZ)y Qw(XS)]
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For various flow classes, this rank can be 1, 2, or 3. Even if the
rank is 3, the problem can be very close to a singular one. Q,,(X)
nonlinearlydependson (p_, U, T ) and nonlinearly varies along
X. The qualitative analysis shows that it would be appropriate to
measure heat flux at points with maximum different flow type. The
correspondingquantitative criteria are the determinant and the con-
ditionality of the sensitivity matrix 4;; and the spectrum of eigen-
values A; of Fisher’s informational matrix (M,, = 4;; Ai,). The
numerical experimentsand experimentaldata show that the problem
condition can be improved by the location of the measurements in
zones of different flow type (at the plate and the edge, for example).
Therefore, the measurement points can be chosenbefore experiment
by the optimization of the determinant or the conditionality.

The results of the Ref. 3 experimental data treatment confirm the
feasibility of Pog U_ ., and T__determination using laminar heat
fluxes. The estimation of two parameters for a flat plate and three
parameters for a corner is feasible.
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Introduction

HE pressure-sensitivepaint (PSP) technique for measuringsur-

face pressure and obtaining coefficient of pressure (Cp) data
has recently gained acceptance as an alternative and complement to
traditional instrumentation systems and computational techniques.
The PSP technique is based on the pressure sensitivity of photolu-
minescent materials and in its simplest form may be represented by
an equationrelatinga reference wind-off to wind-on photolumines-
cence intensity

I/ 1= A+ B(P| P) 1)

where I is the PSP’s photoluminescentsignal, P is the surface pres-
sure, 4 and B are the PSP Stern—Volmer sensitivity coefficients,
and the subscript refers to a reference level. The fundamentals and
several applications of PSP measurements based on Eq. (1) are in-
troduced by Morris et al.! and reviewed by McLachlan and Bell.?
A detailed development of the PSP governing equations, including
Eq. (1), and a comprehensiveuncertainty analysis of the PSP instru-
mentation system are presented in Mendoza? This last study cal-
culated uncertainty (dC ) of PSP derived Cp data by dividing PSP
instrumentation system error sources into three categories includ-
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ing the PSP methodology, PSP implementation, and PSP imaging
system. The random and bias error components corresponding to
these categories were obtained by using representativenoise values
characteristic of first generation (typical) and state-of-the-art PSP
instrumentationsystems. [ Typicalsystemsare those where PSP pho-
toluminescence is not corrected for significant influencing parame-
ters other than pressure (e. g., temperature, photodecomposition,and
excitationfluctuations) with a nonscientific grade imager,and where
geometricaland optical inconsistenciesbetween wind-onand wind-
off imagesusedin Eq. (1) are not corrected for.? With state-of-the-art
systems, PSP photoluminescenceis not significantly influenced by
parametersotherthan pressureor is corrected for them, with a scien-
tific grade imager (e.g., 14-bit A/D, low read out noise and low dark
current, high capacity quantum wells), and the geometrical and op-
tical inconsistencies between wind-on and wind-off images used in
Eq. (1) corrected for.>] These errors were propagated into C p calcu-
lations using a linearized Taylor series, as outlined in Bevingtonand
Robinson,* with the additional assumption that error sources were
independent such that all cross correlation terms in the series were
zero. Final dCp values were calculated using the rss uncertainty
model correspondingto a 95% coverage level when the component
bias and random errors are added by the rms method. These dC » re-
sults were presentedas a functionof freestream Mach number ( M

and Cp. Additionally,theseresultsidentified criticalsourcesof noise
that must be addressed to minimize PSP measurement uncertainty.

Mendoza’s analysis reemphasized the conclusion presented by
Sajben’ that PSP instrumentation systems were better suited for
moderate to high Mach number flows. Mendoza showed that the
primary reason for this was that dCp scales approximately as one
over the Mach number squared, manifesting into large errors in cal-
culated C p at low Mach numbers. Sajben’s analysis was constrained
to ideal test conditions such as uniform model surface temperature
and the assumption that photodegradationof the PSP coating does
notoccur; Mendoza’s was not. However, neitheranalysisdetermined
the limiting M _for obtaining quantitative PSP measurements with
respect to traditional instrumentation systems (force balances and
pressure taps).

This analysis develops a technique to determine the limiting M
for acquiring quantitative PSP measurements of pressure. The anal-
ysis is based on defining Cp uncertainties in terms of coefficient of
lift (¢;) uncertainties (d¢;). The dCp for quantitative PSP measure-
ments will then be equated to the d¢; representative of quantitative
measurements from traditional instrumentation systems. This ap-
proach is taken for the following four reasons. First, results from
PSP measurements are presented in terms of Cp. Second, because
Cp is a local surface parameter, its uncertainty varies at each point
on a surface. Third, acceptable uncertaintiesof traditional measure-
ment systems are usually quoted in terms of ¢;. Fourth, because ¢
is a global parameter, its uncertainty is a single value. Thus, in line
with conventionand convenience, the uncertainty in PSP Cp results
will be related to an equivalentuncertainty in ¢;. This transformation
will be used in conjunctionwith dC » vs M_ results from Mendoza’s
uncertainty analysis® to determine the limiting M Oofor quantitative
PSP measurements.

Analysis

The coefficient of lift may be obtained from surface pressure
data as

c

1 c
(= -/ AC, dv @
0

where ¢ is the chord length and AC, is the difference between

upper and lower surface coefficients of pressure. Using the first-

order process for uncertainty propagation* as just described, the

uncertainty in ¢; due to the uncertainty in C p may be obtained as
561

dCl = mdACp (3)

The evaluation of the terms of Eq. (3) is as follows:

da_ 13([;AC,dY) 1] “9AC,dx
aACP - Cc ' aACP Cc 0 aACP

=1 @



